We prove the existence of higher-order topological insulators with protected chiral hinge modes in quasi-two-dimensional systems made out of coupled layers stacked in an inversion-symmetric manner. In particular, we show that an external magnetic field drives a stack of alternating pand n-doped buckled honeycomb layers into a higher-order topological phase, characterized by a non-trivial three-dimensional Z2 invariant. We identify silicene multilayers as a potential material platform for the experimental detection of this novel topological insulating phase.
Introduction -A free-fermion symmetry protected topological (SPT) insulator is a quantum state of matter that cannot be adiabatically deformed to a trivial atomic insulator without either closing the insulating bulk band gap or breaking the protecting symmetry [1, 2] . Its topological nature is reflected in the general appearance of gapless boundary modes in one dimension lower [3, 4] . However, when the protecting symmetry is a crystalline symmetry the gapless boundary modes appear only on surfaces which are left invariant under the protecting symmetry operation [5, 6] . Most importantly, these gapless boundary modes are "anomalous": on a single surface the number of fermion flavors explicitly violates the fermion doubling theorem [7] or stronger version of it [8] .
Very recently, it has been shown that point-group symmetries can stabilize insulating states of matter in bulk crystals with conventional gapped surfaces, but with gapless modes at the hinges connecting two surfaces related by the protecting crystalline symmetry [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . For systems of spinless electrons (negligible spin-orbit coupling) the hinge modes are chiral. Hence, they represent anomalous one-dimensional (1D) modes -they cannot be encountered in any conventional 1D atomic chain -but now embedded in a three-dimensional crystal. These novel topological crystalline insulators, which have been dubbed higher-order topological insulators, have started to be classified in systems possessing different crystalline symmetries, including rotational and rotoinversion symmetries [9, 10, 20, 22, 25] .
In inversion-symmetric crystals, higher-order topological insulators can also exist [18] . However, in this case, inversion symmetry-related surfaces are connected via two hinges, one of which will host a chiral gapless mode. This, in turn, gives rise to an additional modulo two ambiguity in the microscopic hinge location of the chiral modes, reminiscent of the ambiguity in the Fermi arcs connectivity of Weyl semimetals [26] .
The aim of this Letter is to show that such an inversion-symmetry protected higher-order topological insulator can be in principle obtained in stacks of doped buckled honeycomb layers (e.g. silicene [27] ) subject to an external magnetic field. Two factors conspire to render this possible. First, the quantum Hall states in p-and n-doped honeycomb layers generally have opposite sign of the Hall conductance and hence are characterized by opposite Chern numbers C [28] . Second, in a simple AA stacking configuration, buckled honeycomb layers intrinsically break both the reflection symmetry in the stacking direction and the twofold rotation about the stacking direction, but still preserve the three-dimensional bulk inversion symmetry. We first give an intuitive argument for the existence of an inversionsymmetric higher-order topological insulator in stacks of Chern insulators with alternating C = ±1 integer invariants, and show that this insulating phase can be derived from a parent mirror Chern insulator [29] by adding crystalline symmetry-breaking terms. Then, we introduce a corresponding minimal tight-binding model consisting of quantum anomalous Hall layer stacks [30] , and verify its topological nature by computing the corresponding bulk Z 2 invariant [25] . Finally, we perform a full Hofstadter [31] calculation in three-dimensions [32] for buckled honeycomb layers to show the existence of topologically protected chiral hinge states.
Effective surface theory -Let us start out with an effective low-energy approach for stacks of Chern insulating layers of alternating C = ±1 integer topological invariant [c.f. Fig. 1(a) ]. At any edge perpendicular to the stacking direction, each Chern insulating layer is characterized by an anomalous chiral edge mode whose dispersion can be considered to be linear. For completely uncoupled layers, the effective surface Hamiltonian in the primitive two-layer surface unit cell then reads H 0 = k x σ z , where the Pauli matrix acts in the layer space and we explicitly considered a (010) surface. We next introduce an interlayer coupling between consecutive layers with a coupling strength, which, for simplicity, we assume to be real. The effective surface Hamiltonian is then modified accordingly to
It preserves mirror symmetry in the stacking direction arXiv:1807.01277v1 [cond-mat.mes-hall] 3 Jul 2018 Figure 1 . a) Sketch of stacked Chern insulators with alternating Chern numbers. We also indicate the effective inversionsymmetric coupling between the chiral edge states. b) Corresponding surface energy spectrum for mirror symmetric couplings (t1 = t2) and inversion-symmetric couplings (t1 = t2). c) Schematic figure of the inversion symmetric hinge states in a cube geometry.
around one layer [29] with the reflection operator that acquires an explicit momentum dependence and reads
implies a decoupling of the chiral modes on the k z = π line. Hence, the three-dimensional system is characterized by gapless surfaces with a mirror-symmetry protected single Dirac cone with the Dirac point at {k x , k z } = {0, π}.
The presence of this single surface Dirac cone can also be seen as a consequence of the fact that the bulk threedimensional Hamiltonian is characterized by a non-zero mirror Chern number [33] C M = 1 at k z = π. When considering systems with a finite number of layers still preserving reflection symmetry in the stacking direction -this constraint is fulfilled for stacks with an odd number of layers -the surface spectrum in the remaining translational invariant k x direction will therefore display a single uncoupled chiral mode as schematically shown in Fig. 1(b) . We emphasize that this chiral anomaly is regularized by the presence of a chiral mode partner with opposite chirality at the opposite (010) surface.
We next "trivialize" our system by introducing a perturbation that explicitly breaks the mirror symmetry along the stacking direction. To this end, we consider a dimerization pattern in the interlayer coupling which further modifies the effective surface Hamiltonian as Fig. 1(a) ]. This, in turn, implies that the single surface Dirac cone acquires a mass ∝ t 1 − t 2 and the surface becomes a conventional gapped one. When considering, as before, a finite system with an odd number of layers there will be a single chiral mode traversing the full surface gap [c.f. Fig. 1(c) ] localized at one of the two boundary layers depending upon the specific dimerization pattern. The existence of this chiral hinge mode can be understood by considering the effective surface Hamiltonian as a collection of one-dimensional Rice-Mele models [34, 35] , parametrized by k x . For a chain with an odd number of sites, the latter displays an in-gap boundary state at an energy corresponding precisely to the staggered chemical potential ≡ k x . If we assume the dimerization pattern to be equivalent at all the four surfaces perpendicular to the layer planes, the hinge modes at the boundary layer will be connected to create a circulating planar current, which is in agreement with the fact that a dimerized stack of an odd number of layers defines a (thicker) two-dimensional Chern insulating state [36] .
Let us now instead assume that the dimerization patterns at the two opposite surfaces (010) and (010) are designed to be opposite to each other as shown in Fig. 1(a) . Although still breaking mirror symmetry along the stacking direction, this configuration preserves bulk inversion symmetry with the inversion center lying at the center of one layer. The presence of inversion symmetry also implies that the chiral hinge modes related to the (010) and (010) surfaces will be localized on opposite boundary layers. The same clearly holds true at the (100) and (100) surfaces. Moreover, the Jackiw-Rebbi mechanism [37] guarantees the existence of an additional chiral hinge mode at two inversion-symmetry related hinges between the x and y planes, and thus the configuration of in-gap hinge states schematically shown in Fig. 1(c) is realized. The latter represents nothing but the hallmark of a second-order topological insulator in three-dimensions protected by inversion symmetry.
Quantum anomalous Hall stacks -Having presented our coupled-layer low-energy approach, we next introduce a microscopic model that features an inversionsymmetric higher-order topological insulating state. Specifically, we consider stacks of honeycomb layers, each of which possesses chiral orbital currents leading to a quantum anomalous Hall (QAH) insulating state [30] . In order to have alternating Chern numbers on the honeycomb layers, we further assume the direction of the orbital currents to be opposite in two consecutive layers. For uncoupled layers, the corresponding tight-binding Hamiltonian reads
where c † iα (c iα ) creates (annihilates) an electron on site i in layer α, t is the intralayer nearest-neighbor hopping amplitude and t 2 is the next-nearest neighbor hopping amplitude. As usual, the factor ν ij = 1 if the nextnearest neighbor hopping path rotates counterclockwise, and −1 if it rotates clockwise. We next introduce an interlayer coupling that explicitly breaks the mirror symmetry in the stacking direction but still preserves bulk inversion symmetry with the inversion center in one layer at the center of the bond between the two A and B honeycomb sublattices. In its simplest form the interlayer Hamiltonian is then
As discussed below, this interlayer Hamiltonian is naturally realized assuming buckled honeycomb layers. Fig. 2(a) shows the edge energy spectrum as obtained by diagonalizing the full Hamiltonian H = H + H ⊥ for stacks of zigzag terminated ribbons with an odd number of layers. It agrees perfectly with the foregoing low-energy description. Inside the gapped bulk energy bands, we clearly observe conventional surface states, corresponding to a massive surface Dirac cone, in the gap of which two chiral hinge modes localized on opposite layers appear. Precisely the same features occur considering periodic boundary conditions in the stacking direction and zigzag terminations in the other two directions. We point out that we excluded from our analysis ribbons with armchair terminations since the latter would yield an unprotected single massless surface Dirac cone. This is due to the fundamental difference between the chiral edge states of a QAH insulator for zigzag and armchair terminated ribbons [38] . For the latter, the chiral edge states have an equal amplitude on both the two honeycomb sublattices. The interlayer coupling Hamiltonian introduced above thus yields an effective mirror-symmetric coupling between the QAH chiral edge states. However, additional symmetry-allowed terms in the bulk Hamiltonian, e.g. intralayer real next-nearest-neighbor hopping amplitudes, will gap the surface Dirac cone leading to the observation of chiral hinge modes even for stacks of armchair terminated ribbons.
To prove the topological origin of these chiral hinge states, we have calculated the bulk Z 2 topological invariant for a second-order topological insulator with inversion symmetry [25] . It can be derived using the bulk formulation of the quantized corner charges for the effective two-dimensional inversion-symmetric Hamiltonians at k z = 0, π, and thereafter considering the corresponding corner charge flow. When expressing the corner charges in terms of the multiplicities of the inversion symmetry eigenvalues ±1 of the occupied bands at the inversion-symmetric momenta of the 3D Brillouin zone [c.f. Fig. 2(b) ], we then find the following expression for the bulk Z 2 invariant:
A non-trivial value ν = 1 mod 2 of this invariant guarantees the presence of chiral hinge modes provided the bulk and the surfaces are gapped. For our model at half-filling, the inversion symmetry labels [c.f. Fig. 2(c) ] directly imply an higher-order topology. Therefore the chiral hinge states shown in Fig. 2(a) are the direct manifestation of a bulk-hinge correspondence.
Stacks of quantum Hall layers -With these results in hand, we next introduce our main result: the possibility to engineer an inversion symmetry protected secondorder topological insulator in stacks of doped quantum Hall layers with a buckled honeycomb geometry. To show Figure 4 . a) Spectrum along the zigzag direction, all spectra are for tz/t = 0.5, φ/φ0 = 0.2, φ2/φ0 = 0.04, φ3/φ0 = 0.04, and V0 = 0.6t, where φ/φ0, φ/φ1 and φ/φ2 are the flux per plaquette in the z, x and y direction respectively. b) Spectrum along the armchair direction. c) Spectrum along the stacking direction. d) Schematic side-view of an AA stacked buckled honeycomb lattice. In the first layer the A sublattice is connected to the next layer, while in the second layer the B sublattice is connected to the next layer. e) Table showing the multiplicity of inversion eigenvalues at half-filling at inversion-symmetric points in the Brillouin zone for φ/φ0 = 1/3, V0 = 0.8t.
this, we first recall that the quantum Hall effect on the honeycomb lattice exhibits a zeroth Landau level above (below) which the total Chern number C = +1(−1) for relatively weak magnetic fluxes per plaquette [see Fig. 3 ]. This also implies that the sign of the Hall conductance is opposite in p-and n-doped layers. We then take advantage of this property to realize a quantum Hall analogue of the quantum anomalous Hall model introduced above. For the intralayer part of the Hamiltonian we thus consider layers with an alternating bias ±V 0 . The corresponding Hamiltonian is then
The effect of the perpendicular magnetic field is taken into account via the usual Peierls substitution t → t e i ds A , where ds is the line integral between the bonds and we took the vector potential in the Landau gauge A = −(eB/ )(y, 0, 0) with e the electron charge and B the magnetic field strength. The interlayer Hamiltonian is taken to be the same as in Eq. (1) to account for the buckling of the layers [c.f. Fig. 4d)] .
We have first verified the non-trivial topology of this microscopic tight-binding model by computing the multiplicities of the inversion symmetry eigenvalues at the inversion-symmetric momenta of the BZ [see Fig. 4(e) ]. When computing Eq. (2) we then find a non-trivial value of the Z 2 topological invariant. However, this model Hamiltonian does not possess gapped surfaces. This is a consequence of the fact that the honeycomb sublattice symmetry is not broken by the external magnetic field. Therefore, an effective coupling between the quantum Hall edge states is absent. Clearly, sublattice symmetry breaking terms, the simplest of which are real intralayer next-nearest neighbor hoppings [see the Supplemental Material] , effectively open a scattering channel between the intralayer edge modes and thus will yield conventional gapped surface Dirac cones.
An alternative approach relies on tilting the direction of the external magnetic field away from the stacking direction towards the [111] direction. As evident from Fig. 4(a-c) such a magnetic field direction tilting allows to open substantial surface gaps. Moreover, the chiral hinge states at positive and negative energies are separated by a zeroth surface Landau level, and therefore live on different hinges [see the Supplemental Material]. As discussed above, this change in the location of the chiral hinge modes by tuning the Fermi level is perfectly compatible with the higher-order topology of our system. Conclusion -To sum up, we have proved the existence of a second-order topological insulator protected by inversion symmetry using a coupled layer approach in which the layers have alternating Chern numbers. It can be derived from a parent topological mirror Chern insulator by crystalline symmetry breaking terms that retain the bulk inversion symmetry of the bulk crystal.
The presence of the topologically protected chiral hinge modes can be inferred from a three-dimensional Z 2 invariant. We have shown that a non-trivial value of this invariant can be encountered in stacks of doped quantum Hall layers with a buckled honeycomb lattice structure. As a result, we believe that silicene multilayers provide an excellent platform to engineer chiral inversion-symmetric higher-order topological insulators.
SUPPLEMENTAL MATERIAL
In this supplemental material we show that a real nearest-neighbor hopping in one of the buckled honeycomb layers is enough to open a surface gap in the model of doped quantum Hall layers presented in the main text. In addition, we briefly discuss the localization of the hinge states present.
Surface gap opening by nearest-neighbor hopping
Let us consider one layer of silicene in a zigzag ribbon geometry with a perpendicular magnetic field threading a flux φ, at a bias V 0 and with real next-nearest neighbor hopping t . The Hamiltonian is
where ψ kx,j = (a kx,j , b kx,j ), with a kx,j and b kx,j the annihilation operators on the A and B site of unit cell j respectively. If we consider a stack of such layers with alternating ±V 0 , we will have a gapped surface if the edge state of a layer hybridizes differently with the edge state of the layer above and below it. This corresponds to t 1 = t 2 in the effective surface model presented in the main text. To check whether this is the case we take the Hamiltonian Eq. (3), and fix V 0 and φ such that the Fermi energy lies in the gap with Chern number +1 (see Fig. 3 in the main text). We solve for the right-moving edge state at E = 0. We then also take the Hamiltonian at −V 0 and solve for the left-moving edge state at E = 0 at the same momentum k x . Let us denote these states by |ψ and |χ . There are two different hoppings between two layers: one connecting all the A sublattice sites, and one connecting all the B sublattice sites. Let us denote these by H ⊥A and H ⊥B . If the mixing due to these is different,
there is an effective dimerization and a gapped surface. If t = 0, |ψ and |χ are related to each other by chiral symmetry. In addition we have sublattice symmetry, which means that the edge states have equal weight on the A and B sublattices. From this it follows that Eq. (4) is not satisfied. Taking t = 0 breaks sublattice symmetry and leads to edge states that do not have equal weight on the A and B sublattices. We now take even layers to have t /t = 0.1, V 0 = −0.8t, φ/φ 0 = 1/5 and the odd layers to have t = 0, V 0 = 0.6t, φ/φ 0 = 1/5 (since t = 0 breaks particle-hole symmetry we slightly adjust V 0 to remain in the gap). Solving for |ψ and |χ then gives
This means that the surface is gapped. We note that the mixing is small, but it nevertheless shows that the gapless surfaces are not protected and can be gapped out by symmetry-allowed perturbations.
